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LetG be a connected network. Let k ≥ 1 be an integer. Suppose that a vertex v ofG becomes
infected. A program is then installed on k-nodes not yet infected. Afterwards, the virus
spreads to all its unprotected neighbors in each time interval. The virus and the network
administrator take turns until the virus can no longer spread further. Let snk(v) denote the
maximumnumber of vertices in G the network administrator can savewhen a virus infects
v. The k-surviving rate ρk(G) of G is defined to be the average value
∑
v∈V (G) snk(v)/n2. In
particular, we write ρ(G) = ρ1(G).
In this paper, we first use a probabilistic method to show that almost all networks have
k-surviving rate arbitrarily close to 0. Then, we prove the following results: (1) ρ(G) ≥ 235
for a planar network G of girth at least 9; (2) ρ2(G) ≥ 116 for a series–parallel network G;
and (3) ρ2d−1 (G) ≥ 25d for a d-degenerate network G.
© 2010 Elsevier B.V. All rights reserved.
1. Introduction
This paper is motivated from the firefighter problem on a graph introduced by Hartnell at a conference in 1995. Let G be
a connected graph and let v be a vertex of G. In the simplest form of the problem, we suppose that a fire breaks out at v. A
firefighter (or defender) chooses a vertex not yet on fire to protect. Then the firefighter and the fire alternately move on the
graph. Once a vertex has been chosen by the firefighter, it is considered protected or safe from any further moves of the fire.
After the firefighter’s move, the fire makes its move by spreading to all vertices which are adjacent to the vertices on fire,
except for those that are protected. The process ends when the fire can no longer spread. The objective of the firefighter is
to save the maximum number of vertices, i.e., the number of vertices which are not burning when the process ends.
The problem can also be considered as amodel for the propagation of viruses, rumours or epidemics. There is a significant
literature which investigates epidemiological modelling techniques, to explain computer virus propagation in small world
and scale free networks [4,13,14,21,22]. More recently, Wang et al. [20] proposed a more general model for computer virus
propagation on an arbitrary graph using the epidemiological model.
In a similar discrete probability model, considered by Comellas et al. [2,3], a vertex of a graph that is infected remains
contagious for A time units and can infect k of its neighbors in each time unit. The authors first determined the time for a
virus to spread to all vertices and then considered the same problem, but allowed the installation of several defenders on
the graph before the process begins. These defenders are able to prevent an infected vertex from spreading the virus to any
of its neighbors.
There are also surprising applications in biology. For a number of invaders such as zebra mussels, in the North America
lakes, the major way of spreading is transportation with boating and fishing equipment. One can contain the spreading by
setting up washing stations for boats entering lakes [11,15]. Another invader is Asian carp that threatens both the ecology
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and economy of the Great Lakes system [17]. The US Army Corps of Engineers built an underwater electric barrier in the
Chicago Sanitary and Ship Canal, the only direct link between theMississippi River and Great Lakes to contain the spreading
to the Great Lakes system. More recently, Federal authorities presented a $78.5 million plan intended to block Asian carp
from invading the Great Lakes. In both applications vertices represent lakes and edges represent the rivers or canals. It is
interesting to note that the graphs used to represent the lake system in both applications are planar graphs. The motivation
of our study becomes to construct a solution that can contain the spreading by defending vertices (lakes).
Through out this paper we will use the terminology of the firefighter problem on a graph and a virus infecting a network
interchangeably.
The design problem of optimal graphs was first investigated by Finbow et al. [6]. One approach is to design graphs such
that one can minimize the expected number of vertices burned when a fire breaks out at a random subset of vertices. A
second approach is to design graphs so that the firefighter can minimize the damage if the fires start at vertices for which
the damage ismaximized. Algorithms for two and three dimensional grid graphs are provided in [18]. It is shown in [10] that
the greedy algorithm is a 2-approximation algorithm on trees. Devlin and Hartke [5,9] encoded the firefighter problem as
an integer programming problem and showed there was strong empirical evidence (using approximately 1.68 million trees
on 100 vertices were randomly generated and both the LP optimum and integral optimum computed) that the relaxation to
a LP provided a c-approximation of the optimal solution on trees, where c is close to 1.
MacGillivray andWang [12] proved that the firefighter problem is NP-complete for bipartite graphs. They also considered
algorithm aspects and bounds for some special graphs such as trees, square grids, and cubic graphs. Finbow et al. [8] proved
the firefighter problem isNP-complete even for treeswithmaximumdegree three, but provided apolynomial time algorithm
for trees of maximum degree three when the fire begins at a vertex of degree two. In [16], Scott et al. allow the number of
firefighters to increase as the number of fires increase and provide efficient algorithms for certain classes of networks. For
a complete survey of related results the reader is referred to [7].
Let G be a graph with vertex set V (G) and edge set E(G). Let n = |V (G)| and m = |E(G)|. We use sn(v) to denote the
maximum number of vertices in G the firefighter can save when a fire breaks out at vertex v, which can be referred to as
the surviving number for v. The surviving rate ρ(G) of G is defined to be the average percentage of vertices that can be saved
when a fire randomly breaks out at one vertex of the graph, that is,
ρ(G) =
∑
v∈V (G)
sn(v)
n2
.
For the general version of the game, we use snk(v) to denote the maximum number of vertices in G the firefighter can save
when a fire breaks out at vertex v, and the firefightermay select up to k vertices to defend at each step before the fire spreads.
The k-surviving rate ρk(G) of G is now defined by
ρk(G) =
∑
v∈V (G)
snk(v)
n2
.
The concept of the surviving rate of a graph was first introduced and investigated by Cai and Wang [1]. They proved the
following results:
(1) ρ(Tn) ≥ 1−
√
2
n for a tree Tn with n vertices, so limn→∞ ρ(Tn) = 1.
(2) ρ(G) ≥ 16 for an outerplanar graph G.
(3) ρ(G) ≥ 310 for a Halin graph Gwith at least 5 vertices.
In this paper, we will first show that, given an integer k ≥ 1, almost all graphs have k-surviving rate arbitrarily close to 0.
Then, we focus on families of graphswhose surviving rate is larger than some positive constant. The first family of graphs are
the graphs with few edges (including planar graphs of large girth). The second family of graphs are series–parallel graphs,
which are an extension of outerplanar graphs. The third family of graphs are k-degenerate graphs.
2. A probabilistic result
We say that almost all graphs have propertyP if the proportion of n vertex labelled graphs withP tends to 1 as n tends to
infinity. The following theorem shows that almost all graphs can be destroyed when a fire randomly breaks out at a vertex.
Theorem 1. For any ε > 0, almost all graphs have surviving rate less than ε.
Proof. To prove this statement, it will be shown that the number of n vertex labelled graphs where more than two vertices
can be saved when a fire breaks out at an arbitrary vertex is o
(
2(
n
2)
)
. For an n vertex graph G, this would imply ρ(G) ≤ 2n .
Given an n vertex graph and a vertex u, where a fire breaks out. If sn(u) ≥ 3, then there exists a vertex v with at most one
path of length two joining u and v (otherwise every vertex except for those defended by the firefighters will be burning after
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two time units). Let Ai,j denote the set of graphs with at most one path of length 2 from vertex i to j. We will now estimate
the cardinality of each Ai,j and the result will follow from the fact that∣∣∣∣∣ ⋃
1≤i<j≤n
Ai,j
∣∣∣∣∣ = o (2(n2)) .
Given s 6= i, j, the path isj determines two edges and hence 2(n2)−2 or 14 of all n vertex labelled graphs have an isj path. The
same argument shows that of these 34 have no itj, where t 6= i, j, s. This can be continued for all other vertices and thus the
proportion of graphs where isj is the only i, j-path of length 2 is
( 1
4
) ( 3
4
)n−3
. The same argument shows the proportion of n
vertex labelled graphs with no i, j -path of length exactly two is
( 3
4
)n−2
. So
|Ai,j| =
(
(n− 2)
(
1
4
)(
3
4
)n−3
+
(
3
4
)n−2)
2(
n
2).
Hence,∣∣∣∣∣ ⋃
1≤i<j≤n
Ai,j
∣∣∣∣∣ ≤ ∑
1≤i<j≤n
∣∣Ai,j∣∣ = (n2
)[
(n− 2)
(
1
4
)(
3
4
)n−3
+
(
3
4
)n−2]
2(
n
2) = o
(
2(
n
2)
)
as was required. 
The proof of the following theorem is similar to the proof of Theorem 1.
Theorem 2. For ε > 0, almost all graphs have k-surviving rate less than ε.
3. Sparse networks
Let G = (V , E) be a graphwith n vertices andm edges. For a vertex v ∈ V , we denote by d(v) the degree of v in G. A vertex
of degree i is called an i-vertex. For i ≥ 1, let Vi denote the set of i-vertices in G, and ni = |Vi|. So, V = V1 ∪ V2 ∪ · · · ∪ V∆ and
n = n1 + n2 + · · · + n∆, where∆ = ∆(G) is the maximum degree of a vertex in G. For a vertex v ∈ V , let N(v) denote the
set of neighbors of v in G. For S ⊆ V , we use G[S] to represent the subgraph of G induced on S.
For a vertex v ∈ V , let n2(v) denote the number of 2-vertices adjacent to v. A 2-vertex x is called good if n2(x) ≥ 1, and
manageable if n2(x) = 0 and x is adjacent to a 3-vertex ywith n2(y) ≥ 2. Let V ′2 and V ′′2 denote the set of good 2-vertices and
manageable 2-vertices, respectively. Set n′2 = |V ′2| and n′′2 = |V ′′2 |.
Lemma 1. Let 0 < ε < 524 be a real number. If G is a graph with n vertices and m edges such that m ≤ ( 43 − ε)n, then
n1 + n′2 + n′′2 ≥
6
5
εn.
Proof. Sincem ≤ ( 43 − ε)n, we first have:∑
v∈V
d(v) = 2m ≤
(
8
3
− 2ε
)
n. (1)
The sum in the expression (1) can be rewritten as follows:∑
v∈V
d(v) =
∑
v∈V1∪V ′2∪V ′′2
d(v)+
∑
v∈V\(V1∪V ′2∪V ′′2 )
d(v)
= n1 + 2n′2 + 2n′′2 + σ ,
where
σ =
∑
v∈V\(V1∪V ′2∪V ′′2 )
d(v).
In proving the next claim, we use the discharging method which originated and commonly used in graph coloring
problems.
Claim 1. σ ≥ 83 (n− n1 − n′2 − n′′2).
Proof. For each vertex v ∈ V\(V1 ∪ V ′2 ∪ V ′′2 ), we define an initial weight function w(v) = d(v). Then, we define the
following discharging rule.
(R) Every vertex of degree at least 3 gives 13 to each adjacent 2-vertex in V\(V1 ∪ V ′2 ∪ V ′′2 ).
Let w′ denote the new weight function after the discharging. On the one hand, the total sum of weights for G has not
been changed. Clearly, the weight of any vertex in V1 ∪ V ′2 ∪ V ′′2 has not been changed in the discharging process. It
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follows that∑
v∈V\(V1∪V ′2∪V ′′2 )
w′(v) =
∑
v∈V\(V1∪V ′2∪V ′′2 )
w(v) =
∑
v∈V\(V1∪V ′2∪V ′′2 )
d(v) = σ .
On the other hand, we are going to show that w′(v) ≥ 83 for every vertex v ∈ V\(V1 ∪ V ′2 ∪ V ′′2 ). This implies that
σ ≥ 83 (|V | − |V1| − |V ′2| − |V ′′2 |) = 83 (n− n1 − n′2 − n′′2).
Let v ∈ V\(V1 ∪ V ′2 ∪ V ′′2 ). It is obvious that d(v) ≥ 2. If d(v) = 2, then n2(v) = 0, i.e., v is adjacent to two vertices x
and y of degree at least 3. By the rule (R), each of x and y gives 13 to v, so w
′(v) = w(v)+ 2× 13 = 2+ 23 = 83 . If d(v) = 3,
then v is adjacent to at most one 2-vertex. When n2(v) = 0, we have w′(v) = w(v) = 3. When n2(v) = 1, v sends 13 to
one adjacent 2-vertex by (R). Consequently, w′(v) ≥ w(v)− 13 = 3− 13 = 83 . If d(v) ≥ 4, then w′(v) = w(v)− 13n2(v) ≥
d(v)− 13d(v) = 23d(v) ≥ 83 , since v is adjacent to at most d(v) 2-vertices. This completes the proof of Claim 1. 
Using the inequality (1) and Claim 1,(
8
3
− 2ε
)
n ≥ n1 + 2n′2 + 2n′′2 + σ
≥ n1 + n′2 + n′′2 +
8
3
(n− n1 − n′2 − n′′2)
= 8
3
n− 5
3
(n1 + n′2 + n′′2).
Equivalently,
n1 + n′2 + n′′2 ≥
6
5
εn.
This completes the proof of the lemma. 
Theorem 3. Let 0 < ε ≤ 524 be a real number. If G is a graph with n (≥2) vertices and m edges such that m ≤ ( 43 − ε)n, then
ρ(G) ≥ 6
5
ε.
Proof. We first show the following claim.
Claim 2. For v ∈ V (G), we have
sn(v) ≥

n− 1 if v ∈ V1;
n− 2 if v ∈ V ′2;
n− 3 if v ∈ V ′′2 ;
1 otherwise.
Proof. If v ∈ V1 and a fire breaks out at v, we can protect the neighbor of v so that all vertices in V\{v} are saved. Thus,
sn(v) = n − 1. If v ∈ V ′2, then there is a path xvuy such that d(v) = d(u) = 2. When a fire breaks out at v, we protect x
first and then y to save all vertices in V\{v, u}. Thus, sn(v) ≥ n − 2. Now consider v ∈ V ′′2 . There exists a 3-vertex x with
neighbors v, u, y such that d(v) = d(u) = 2 and d(y) ≥ 1. Let v′ 6= x be the other neighbor of v, and u′ 6= x the other
neighbor of u. When a fire breaks out at v, we protect v′ first, then y and finally u′ to save all vertices in V\{x, v, u}. Thus,
sn(v) ≥ n− 3. If v ∈ V\(V1 ∪ V ′2 ∪ V ′′2 ), then it is straightforward to see that sn(v) ≥ 1 by the assumption that n ≥ 2. This
proves Claim 2. 
By Claim 2 and Lemma 1, we can derive the following inequality.
sn(G) =
∑
v∈V
sn(v)
=
∑
v∈V1∪V ′2∪V ′′2
sn(v)+
∑
v∈V\(V1∪V ′2∪V ′′2 )
sn(v)
≥ (n1 + n′2 + n′′2)(n− 3)+ (n− n1 − n′2 − n′′2)
= (n1 + n′2 + n′′2)(n− 4)+ n
≥ 6
5
εn(n− 4)+ n
= 6
5
εn2 +
(
1− 24
5
ε
)
n
≥ 6
5
εn2.
Therefore, ρ(G) = sn(G)/n2 ≥ 65ε. This completes the proof of the theorem. 
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If we choose ε = 121 , 19 , 533 , respectively, then the following consequence follows from Theorem 3:
Corollary 4. Let G be a graph with n ≥ 3.
(1) If m ≤ 97n, then ρ(G) ≥ 235 .
(2) If m ≤ 119 n, then ρ(G) ≥ 215 .
(3) If m ≤ 1311n, then ρ(G) ≥ 211 .
The girth, denoted by g(G), of a graph G is the length of a shortest cycle in G. Let G be a planar graph, F(G) be the set of
faces in G and d(f ) be the number of edges in the boundary of f ∈ F(G).
Lemma 2. If G is a connected planar graph with n vertices and m edges, then
m ≤ g(G)
g(G)− 2 (n− 2).
Proof. Let G be embedded in the plane. It is easy to see that, for a face f ∈ F(G), d(f ) ≥ g(G). By using Euler’s formula
n−m+ |F(G)| = 2, we have 2m =∑f∈F(G) d(f ) ≥ g(G)|F(G)| = g(G)(m+ 2− n). Consequently,m ≤ g(G)g(G)−2 (n− 2). 
Lemma 2 asserts that if G is a planar graph with n vertices and m edges, then m ≤ 97 (n − 2) < 97n when g(G) ≥ 9,
m ≤ 119 (n − 2) < 119 n when g(G) ≥ 11, and m ≤ 1311 (n − 2) < 1311n when g(G) ≥ 13. Thus, the following holds obviously
from Corollary 4.
Corollary 5. Let G be a planar graph with at least two vertices.
(1) If g(G) ≥ 9, then ρ(G) ≥ 235 .
(2) If g(G) ≥ 11, then ρ(G) ≥ 215 .
(3) If g(G) ≥ 13, then ρ(G) ≥ 211 .
4. Series–parallel networks
Cai and Wang [1] proved that ρ(G) ≥ 16 for an outerplanar graph G. A natural extension is to consider series–parallel
networks. Unfortunately, K2,n is a series–parallel network, but limn→∞ ρ(K2,n) = 0. Thus, in order to bound the surviving
rate of this kind of network away from zero, we have to add another firefighter. In other words, two vertices can be saved
at each step. Series–parallel networks are 2-connected K4-minor free graphs. It is easy to verify that limn→∞ ρ2(K2,n) = 1.
In general, we have the following result:
Theorem 6. If G is a connected K4-minor free graph with at least three vertices, then
ρ2(G) ≥ 116 .
The proof of Theorem 6 is based on the following three lemmas.
Lemma 3. Assume that G = (V , E) is a K4-minor free graph and v ∈ V has at least three neighbors x1, x2 and x3. Further, assume
that X1, X2, X3 are three disjoint sets such that for each i = 1, 2, 3, xi ∈ Xi ⊆ V\{v} and G[Xi] is connected. Contracting each Xi
to a single vertex yi forms a graph H with vertices y1, y2 and y3. If H is a path y1y2y3, then there exists a vertex u ∈ X2 so that any
path in G [X1 ∪ X2 ∪ X3] originating in X1 and terminating in X3 contains u.
Proof. By definition, there must exist at least one path of this form. If there is only one path of this form, then the result is
obviously true. Otherwise, we suppose that the claim is false. Then there exist two paths P1 and P2, such that both have a
single end vertex in X1 and a single end vertex in X3 and which are disjoint in G[X2]. Further we may assume that there is a
path from x2 to a vertex in P1 ∩ X2 (in G[X2]) not containing any vertex of P2 ∩ X2 (note that this implies x2 /∈ V (P2)).
Set Z1 = X1. Define Z2 to be the set of the vertices in the component of G[X2 − V (P2 ∩ X2)] containing x2. Finally let
Z3 = X3 ∪ (V (P2) ∩ X2). Notice that for each i ∈ {1, 2, 3}, xi ∈ Zi and G[Zi] is connected. Contracting each Zi to a single
vertex zi and taken together with v, by the definitions of P1 and P2, the resulting graph is a K4, contradicting the fact that G
is K4-minor free. 
Lemma 4. If G is a connected K4-minor free graph and v is a 3-vertex of G, then sn2(v) ≥ n2 .
Proof. Assume that N(v) = {x1, x2, x3}. Since G is connected, we may partition V into V = {v} ∪ X1 ∪ X2 ∪ X3, so that
xi ∈ Xi and G[Xi] is connected. Contract each Xi to a vertex yi. Since v, y1, y2 and y3 do not form a complete graph K4, we may
assume, w.l.o.g., that y1 is not adjacent to y3. That is, there is no edge directly between a vertex of X1 and a vertex of X3. By
Lemma 3, there is a vertex u ∈ X2 so that any path in G− v originating in X1 and terminating in X3 contains u.
We now discuss a strategy to defend G if a fire breaks out at v. If there are no paths from x1 (resp. x3) to x2 in G− v, then
we can save at least half of the remaining vertices by defending {x1, x2} or {x2, x3} as v is a cut vertex. If there are a path from
x1 to x2 and a path from x3 to x2, then by Lemma 3, there exists a vertex u ∈ X2, so that {u, v} forms a cut set in G, and x1 and
x3 are in different components. The firefighters ensure that fire can never spread to the larger component by first defending
{x1, x2} or {x2, x3} as appropriate and then defending u (if necessary) on his second turn. 
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Lemma 5. If G is a connected K4-minor free graph and v is a 4-vertex of G, then sn2(v) ≥ n4 .
Proof. Assume that N(v) = {x1, x2, x3, x4}. Since G is connected, we may partition V\{v} into X1 ∪ X2 ∪ X3 ∪ X4, so that
xi ∈ Xi and G[Xi] is connected. Contract each Xi to a vertex yi. Since G is K4-minor free and v can be added to any of the
partitions without losing the connected condition, the graph H formed by y1, y2, y3 and y4, does not contain a cycle. There
are several cases we have to consider.
Case 1. H contains no edges, one edge or two non-adjacent edges.
If H has no edges, the result is obvious. Otherwise, we may assume y1y2 ∈ V (H). Then G − v can be divided into two
partitions X1 ∪ X2 and X3 ∪ X4. When a fire breaks out at v, it is easy to verify that the firefighters can save at least half the
vertices of G− v by defending either {x1, x2} or {x3, x4}.
Case 2. H contains two adjacent edges, say y1y2 and y2y3.
In this case, if |X4| ≥ (n− 1)/3, then the firefighters can save more than (n− 1)/3 vertices by defending x4 originally. If
|X1 ∪ X2 ∪ X3| ≥ 2(n−1)/3, then by Lemma 4 the firefighters can save at least (n−1)/3 vertices, by playing only on G−X4.
Case 3. H is a path, say y1y2y3y4.
By Lemma 3, there exist two vertices u2 ∈ X2 and u3 ∈ X3 so that any path in G [X1 ∪ X2 ∪ X3] originating in X1 and
terminating in X3 contains u2 and any path in G [X2 ∪ X3 ∪ X4] originating in X4 and terminating in X2 contains u3. Since
u2 ∈ X2 and u3 ∈ X3, we derive that u2 /∈ {x1, x3, x4} and u3 /∈ {x1, x2, x4}.
The set {v, u2, u3} forms a cut set which separates G into three components. One of these contains x1 (and possibly x2),
which we will call G1. One component contains x4 (and possibly x3) which we will call G2. The remaining component will be
called G3. If G1 (resp. G2) contains at least (n− 3)/3 vertices, the firefighters can save these vertices (plus one more) when
a fire starts at v, by defending x1 and x2 (resp. x3 and x4) on their first move and u2 (resp. u3), if necessary, on their second
move. Otherwise G3 contains at least (n − 3)/3 vertices and the firefighters can save the vertices of G3 by first defending
{x2, x3} and then defending {u2, u3}.
Case 4. H has a 3-vertex, say y4, and the rest are of degree 1.
By Lemma 3, there exist vertices u1, u2, u3 ∈ X4 so that for a given i ∈ {1, 2, 3} and defining j and k so that {i, j, k} =
{1, 2, 3}, any path in G [Xj ∪ Xk ∪ X4] originating in Xj and terminating in Xk, contains ui.
The vertices obtained, together with v, i.e., {v, u1, u2, u3}, forms a cut set of G which separates G into at most four
components. For i = 1, 2, 3, let Gi be the component which contains xi and let G4 be the remaining component (if it exists).
Let k be so that |V (Gk)| is maximized. If k ∈ {1, 2, 3}, then the firefighters may save at least |V (Gk)| + 1 vertices by first
defending {xk, x4} and on their second move defending {ul, um} (where {k, l,m} = {1, 2, 3}). Otherwise, k = 4 and the
firefighters may save at least |V (G4)| + 1 vertices by defending {x4, u1} on their first move and {u2, u3} on their second
move. It is easy to see that |V (Gk)| ≥ (n− 4)/4 and hence the result follows. 
We are now ready to prove the main result, i.e., Theorem 6.
Proof. By Lemmas 4 and 5, we can get the following observation:
For each vertex v ∈ V , we have
sn2(v) ≥

n− 1 if v ∈ V1 ∪ V2;
n
2 if v ∈ V3;
n
4 if v ∈ V4;
2 otherwise.
It is well known that every K4-minor free graph Gwith n vertices andm edges hasm ≤ 2n− 3. Hence,
4n− 6 ≥ 2m =
∑
v∈V
d(v) =
∑
v∈V1∪V2∪V3∪V4
d(v)+
∑
v∈V\(V1∪V2∪V3∪V4)
d(v)
= n1 + 2n2 + 3n3 + 4n4 +
∑
v∈V\(V1∪V2∪V3∪V4)
d(v)
≥ n1 + n2 + n3 + n4 + 5(n− n1 − n2 − n3 − n4)
= 5n− 4(n1 + n2 + n3 + n4).
We conclude that
n1 + n2 + n3 + n4 ≥ n+ 64
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and hence,
sn2(G) =
∑
v∈V
sn2(v)
=
∑
v∈V1∪V2∪V3∪V4
sn2(v)+
∑
v∈V\(V1∪V2∪V3∪V4)
sn2(v)
≥ n
4
(n1 + n2 + n3 + n4)+ 2(n− n1 − n2 − n3 − n4)
= n− 8
4
(n1 + n2 + n3 + n4)+ 2n
≥
(
n− 8
4
)(
n+ 6
4
)
+ 2n
= n
2 + 30n− 48
16
.
Therefore, by n ≥ 3, we obtain:
ρ2(G) = sn2(G)n2 ≥
1
16
.
This completes the proof of the theorem. 
5. k-degenerate networks
Let k ≥ 1 be an integer. A graph G is called k-degenerate if every subgraph H of G contains a vertex of degree at most k in
H . Obviously, 1-degenerate graphs are forests, and 2-degenerate graphs contain outerplanar graphs, K4-minor free graphs,
planar graphs of girth at least six, etc. All planar graphs are 5-degenerate graphs.
The following result can be easily proved by mathematical induction.
Lemma 6. Let G be a k-degenerate graph with n vertices and m edges, where k ≥ 1. Then
m ≤ kn− 1
2
k(k+ 1).
Given a graph G and an integer k ≥ 1. Let V ′2k = {u ∈ V | d(u) = 2k and there exists at least one 2k-vertex in N(u)}
and V ′′2k = {u ∈ V\V ′2k | d(u) = 2k and there exists a path uvu′ where d(v) = 2k + 1 and d(u′) = 2k}. Let n′2k = |V ′2k| and
n′′2k = |V ′′2k|. Let V ∗ = V1 ∪ V2 ∪ · · · ∪ V2k−1 ∪ V ′2k ∪ V ′′2k and n∗ = n1 + n2 + · · · + n2k−1 + n′2k + n′′2k.
Lemma 7. Let G be a graph with n vertices and m edges such that m ≤ kn, where k ≥ 2. Then
n1 + n2 + · · · + n2k−1 + n′2k + n′′2k ≥
4n
10k− 1 .
Proof. Sincem ≤ kn, we have:∑
v∈V
d(v) = 2m ≤ 2kn. (2)
The sum in the expression (2) can be rewritten as follows:∑
v∈V
d(v) =
∑
v∈V∗
d(v)+
∑
v∈V\V∗
d(v)
= n1 + 2n2 + · · · + (2k− 1)n2k−1 + (2k)(n′2k + n′′2k)+ σ
≥ n∗ + σ ,
where
σ =
∑
v∈V\V∗
d(v).
Claim 3. σ ≥ (2k+ 0.8)(n− n∗).
Proof. We use the discharging method to prove this claim. For each vertex v ∈ V\V ∗, we define an initial weight function
w(v) = d(v). Then, we define the following discharging rules.
(R1) Every (2k+ 1)-vertex gives 0.2 to a possible adjacent 2k-vertex in V\V ∗.
(R2) Every (2k+m)-vertex,m ≥ 2, gives m−0.82k+m to each adjacent 2k-vertex in V\V ∗.
Let w′ denote the new weight function after the discharging. On the one hand, the total sum of weights for G has not
been changed. Thus,
∑
v∈V\V∗ w′(v) =
∑
v∈V\V∗ w(v) = σ . On the other hand, we are going to show thatw′(v) ≥ 2k+ 0.8
for every vertex v ∈ V\V ∗. This implies that σ ≥ (2k+ 0.8)(n− n∗).
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Let v ∈ V\V ∗ and x be an arbitrary neighbor of v. Clearly, d(v) ≥ 2k. In order to show that σ ≥ (2k+ 0.8)(n− n∗), we
consider the following three cases.
Case 1. If d(v) = 2k, then v is not adjacent to any 2k-vertex otherwise v ∈ V ′2k. It follows that d(x) ≥ 2k+1. If d(x) = 2k+1,
then v receives 0.2 from x by (R1). If d(x) = 2k+m ≥ 2k+ 2, then v receives m−0.82k+m from x by (R2). It is easy to check this is
an increasing function ofm. It follows that m−0.82k+m ≥ 2−0.82k+2 = 0.6k+1 . Let t denote the number of (2k+ 1)-vertices adjacent to v
in G. It follows that v should be recharged as follows.
w′(v) ≥ w(v)+ 0.2t + 0.6
k+ 1 (2k− t)
≥ 2k+ 1.2k
k+ 1 +
(
0.2− 0.6
k+ 1
)
t
≥ 2k+ 1.2k
k+ 1 ≥ 2k+ 0.8.
Case 2. If d(v) = 2k + 1, then at most one 2k-vertex is adjacent to v otherwise all 2k-vertices adjacent to v belong to V ′′2k.
Thus,w′(v) ≥ w(v)− 0.2 = 2k+ 1− 0.2 = 2k+ 0.8 by (R1).
Case 3. If d(v) = 2k+mwherem ≥ 2, thenw′(v) ≥ w(v)− (2k+m) · m−0.82k+m = 2k+m− (m− 0.8) = 2k+ 0.8 by (R2).
This completes the proof of Claim 3. 
Using the inequality (2) and Claim 3, 2kn ≥ n∗ + σ ≥ n∗ + (2k+ 0.8)(n− n∗). Equivalently, n∗ ≥ 4n10k−1 . 
Theorem 7. Let k ≥ 2 be an integer. Let G be a graph with n vertices and m edges such that n ≥ 2k and m ≤ kn. Then
ρ2k−1(G) ≥
2
5k
.
Proof. Let V 0 = V1 ∪ V2 ∪ · · · ∪ V2k−1. We first show the following claim.
Claim 4. For v ∈ V , we have
sn2k−1(v) ≥

n− 1 if v ∈ V 0;
n− 2 if v ∈ V ′2k;
n− 3 if v ∈ V ′′2k;
2k− 1 otherwise.
Proof. If v ∈ V 0 and a fire breaks out at v, then we can protect the neighbors of v so that all vertices in V\{v} are saved.
Thus, sn2k−1(v) = n− 1. If v ∈ V ′2k, then v is adjacent to a 2k-vertex u by definition. When a fire breaks out at v, we protect
all vertices in N(v)\{u} first and then all vertices N(u)\{v} to save all vertices in V\{v, u}. Thus, sn2k−1(v) ≥ n−2. If v ∈ V ′′2k,
then there is a path vuv′ such that d(u) = 2k + 1 and d(v′) = 2k. When a fire breaks out at v, we protect all vertices in
N(v)\{u} first, then all vertices in N(u)\{v, v′} and finally all vertices in N(v′)\{u} to save all vertices in V\{v, u, v′}. Thus,
sn2k−1(v) ≥ n − 3. If v ∈ V\(V 0 ∪ V ′2k ∪ V ′′2k), then since n ≥ 2k, we have sn2k−1(v) ≥ 2k − 1. This completes the proof of
Claim 4. 
By Claim 4 and Lemma 7, we can derive the following inequality.
sn2k−1(G) =
∑
v∈V
sn2k−1(v)
=
∑
v∈V0∪V ′2k∪V ′′2k
sn2k−1(v)+
∑
v∈V\(V0∪V ′2k∪V ′′2k)
sn2k−1(v)
≥ (n− 3)n∗ + (2k− 1)(n− n∗)
= (n− 2k− 2)n∗ + (2k− 1)n
≥ (n− 2k− 2) · 4n
10k− 1 + (2k− 1)n
= 4n
2
10k− 1 +
(
2k− 8k+ 8
10k− 1 − 1
)
n
≥ 2n
2
5k
.
Therefore,
ρ2k−1(G) =
sn2k−1(G)
n2
≥ 2
5k
. 
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By Lemma 6 and Theorem 7, we have the following.
Corollary 8. If G is a k-degenerate graph, k ≥ 2, with at least two vertices, then ρ2k−1(G) ≥ 25k .
We recall that a planar graph G with n vertices and m edges satisfies m ≤ 3n − 6. This fact together with Theorem 7
establish the following result:
Corollary 9. If G is a planar graph with at least two vertices, then ρ5(G) ≥ 215 .
6. Concluding remarks
In this paper we showed that for an arbitrary large network, the virus may eventually infect almost all nodes. However,
one can save a meaningful proportion of nodes in planar networks of large girth. Further, if the number of defenders is
allowed to increase, then a meaningful proportion of nodes in k-degenerate networks, e.g., series–parallel networks and
general planar networks, can be saved.
Let k ≥ 1 be an integer. Given a graph or a network G with n nodes, we say that G is k-good if the k-surviving rate of G
is greater than or equal to a positive constant c , i.e., ρk(G) ≥ c > 0. We say that G is k-optimal if the k-surviving rate of
G is arbitrarily close to 1 when n is sufficiently large, i.e., limn→∞ ρk(G) = 1. Clearly, the main objective for the firefighter
problem is to determine if G is k-good or k-optimal for a fixed integer k.
As an immediate corollary of Theorem 7, we conclude that the 5-surviving rate of planar graphs is at least 215 . This implies
that all planar graphs are 5-good. Recently, the first author of the present paper and Zhu observed that all planar graphs are
also 4-good (in preparation). Thus, the following is a natural problem:
Question 1.What is the smallest integer k∗ such that all planar graphs are k∗-good ?
The argument above and the fact ρ1(K2,n) = 2n show that 2 ≤ k∗ ≤ 4.
Corollary 5 in Section 3 asserts that planar graphs of girth at least 9 are 1-good. This result was recently extended to
planar graphs of girth at least 8 by Wang and Zhu (in preparation).
Question 2. Determine the smallest integer g∗ such that every planar graph G of girth at least g∗ is 1-good.
Again, since K2,n is a planar graph of girth 4 and limn→∞ ρ1(K2,n) = 0, we see that 5 ≤ g∗ ≤ 8. Moreover, it is not known
if there is a constant g ′ such that planar graphs of girth at least g ′ are 1-optimal.
In Section 4, we showed that the 2-surviving rate of series–parallel graphs is at least 116 . The lower bound value
1
16 seems
not to be best possible. Motivated by the fact that limn→∞ ρ2(K2,n) = 1, we therefore raise the following third problem:
Question 3. Are series–parallel graphs 2-optimal ?
A graph is called an outerplanar graph if it can be embedded in the plane such that all vertices lie on the boundary of
some face. Obviously, all trees are outerplanar graphs. Cai andWang [1] showed that trees are 1-optimal. It was also shown
in [1] that ρ1(G) ≥ 16 for each outerplanar graph Gwith n ≥ 2 vertices, which implies that the class of outerplanar graphs is
1-good.Wang et al. [19] improved this result by proving the following: (i) limn→∞ ρ5(G) = 1; and (ii) ρ1(G) ≥ 4381− 229n+ 49n2
if n ≥ 8, and ρ1(G) ≥ 13 if n ≥ 2.
Question 4. Are outerplanar graphs 1-optimal ?
A Halin graph is a graph obtained from a planar embedding of a tree T (without 2-vertices and with at least one vertex of
degree at least 3) by connecting all its leaves by a cycle C that crosses no edges. Cai andWang [1] showed that Halin graphs
are 1-good. More recently, Yue and Wang [23] confirmed that Halin graphs are 2-optimal.
Question 5. Are Halin graphs 1-optimal?
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